In this note, we only deal with a finite simple undirected graph G on a surface, which is called a map on the surface. By Euler's formula, the average degree of G on the torus or the Klein bottle is at most 6, and the equality holds when G triangulates the surfaces. Actually, both the surfaces admit infinitely many 6-regular graphs, which must be triangulations.
In 1973, Altshuler [1] characterized the 6-regular graphs on the torus by using three parameters, as follows: For positive integers p and q, let A p,q be the map on the annulus with p × (q + 1) vertices shown in Figure 1 , where we identify the top and the bottom of the rectangle. For u i,j ∈ V (A p,q ), we take the first subscripts of u modulo q + 1 and the second modulo p. 
]). Every 6-regular graph on the torus is isomorphic to G[p × q, r]
for some integers p ≥ 3, q ≥ 1 and r ≥ 0.
Although Thomassen [11] referred to Theorem 0.1 in his paper, he gave another, but more complicated, classification of 6-regular toroidal graphs. Consequently, in the literature, several results on 6-regular toroidal graphs have been established, using Theorem 0.1, for example, results in [2, 9] .
On the other hand, for 6-regular graphs on the Klein bottle, Thomassen [11] and Negami [7] have given different classifications, where the former consists of five types but the latter three. We can find several results on 6-regular graphs on the Klein bottle, and all of them rely on their classifications. For example, the papers [3, 5] have used Thomassen's result (Theorem 0.2). On the other hand, the papers [4, 10] have used Negami's one (Theorem 0.3).
Since the appearance of the two classifications looks different, we are afraid that one of the classifications is wrong, which might destroy the reliability of some of the results on 6-regular graphs on the Klein bottle. Therefore, in this note, by clarifying the difference and similarity of Thomassen's and Negami's classifications, we would like to unify them.
Thomassen actually gave a classification of 3-regular maps on the Klein bottle with each face hexagon into the five types, H k,m,a , H k,m,b , H k,m,c , H k,d and H k,m, along the cycle C = r 0 r 1 r 2 · · · r k−1 , we get the annulus A k,m+1 in which C appears in both boundary components. See the center of Figure 3 . In the figure, taking the horizontal path through r 0 , we get H
